The fluid motion generated adjacent to an infinite flat plate undergoing orbital motion in its own plane is a generalization of the classical Stokes-layer profile. We show that the stabilities of these flows can be related to each other via two transformations directly analogous to the well-known Squire transformation. The main result obtained is that, in general, the two-dimensional Stokes layer is more stable than the corresponding unidirectional Stokes layer. A further by-product of the analysis is the construction of a shear flow having identical neutral stability conditions when subject to either two-or three-dimensional disturbances.
Introduction
Consider a semi-infinite layer of fluid bounded by an infinite flat plate and at rest at infinity. When the plate oscillates unidirectionally in its own plane, the resulting velocity distribution in the fluid adjacent to the plate is just the classical Stokes-layer profile. A slightly more complicated velocity profile can be generated if orthogonal, isochronous oscillations, again in the plane of the plate, are superimposed on the existing boundary motion. Provided the perpendicular oscillations are out of phase with each other, the plate will undergo an orbital motion in its own plane and the fluid velocity will be just the linear superposition of the Stokes-layer profiles corresponding to each direction of oscillation.
The classical Stokes layer has been shown to be linearly unstable (1, 2) and it is natural to ask if the linear stability of the flow above a plate in orbital motion is related to the stability of the unidirectional flow. As the basic flow now under consideration is two-dimensional (2D), fully 3D disturbances to the fluid motion must be considered in order to determine its stability. However, via an interesting sequence of Squire-like transformations, the full linear stability problem for flow above a plate in orbital motion can be reduced to the linear stability of an equivalent unidirectional flow subject to 2D disturbances only. Somewhat surprisingly, the analysis reveals that, in general, the fluid flow above an orbital flat plate is more stable than a purely unidirectional oscillatory flow along any axis of the elliptical orbit. In the special case where the plate has a circular orbit, this 2D flow has the same stability properties as a unidirectional flow along any diameter of the orbit. † While the fluid flow defined above is clearly a mathematical idealization, physical approximations to this flow occur in most analytical laboratories dealing with chemical reactions within biological systems. As the reactions in the analysis of medical or biological specimens can often be very slow, due to the slow diffusion of the large molecules making up the reacting species, the solutions are continually agitated in an attempt to keep the components well mixed. A common laboratory device used to perform the needed mixing is known as an 'orbital shaker'. Essentially, the orbital shaker is just a flat plate in orbital motion on which containers of solutions of the reacting species are placed; the movement of the container on the plate causes mixing within the liquid and away from the vertical boundaries of the container, the idealized velocity field defined abstractly above would be expected to form in the fluid at the base of the beaker. As we now have theoretical predictions for the instability of Stokes layers (1, 2), it is natural to ask whether any of the mixing generated by the orbital shaker is due to the known instability of the Stokes layer at the bottom of the beaker. Discussion of possible applications of the theoretical results derived here is postponed until later.
In section 2, the idealized orbital Stokes-layer flow is defined in its most general form, and then by examining the symmetries of the velocity of the bounding plate, a canonical form for the plate movement is determined. The Navier-Stokes equations are scaled appropriately and solved to give the basic flow in the fluid above the plate. A linear stability analysis of this velocity field is then carried out, with the conclusions of these calculations discussed in section 3.
Formulation of the basic flow and the linear stability problem
Consider the motion generated in a semi-infinite layer of fluid above an infinite flat plate which is oscillating in its own plane. The most general 2D oscillatory velocity the plate can have is v * = (a 11 cos ωt + a 21 sin ωt)E 1 + (a 12 cos ωt + a 22 sin ωt)E 2 (2.1a)
Here, E 1 and E 2 are standard basis vectors for a Cartesian coordinate system in the plane of the plate. When det A = 0, the motion of the plate is unidirectional and the conditions for linear instability of the resulting Stokes-layer flow have been determined previously (1) . If v * max and v * min are the maximum and minimum values of |v * |, occurring at ωt = φ and ωt = φ + π/2 respectively, then the rotation of axes
leads to a plate velocity of
As only the forced response of the fluid is being considered the origin of time is immaterial and so, without loss of generality, the motion of the plate can be taken to be
Let the position of a point within the fluid bounded by the plate be given by the non-dimensional position vector x = x e 1 + y e 2 +z e 3 , where e 1 and e 2 are as defined in (2.4). The spatial coordinates have been made non-dimensional by scaling on the Stokes-layer thickness √ 2ν/ω, where as usual ν is the kinematic viscosity of the fluid. If we non-dimensionalize all velocities on the characteristic speed U 0 and define the time s = ωt, the resulting form of the incompressible Navier-Stokes equations can be cast as
together with ∇ • u = 0 provided the pressure has been suitably scaled. Here, the Reynolds number R o is defined as 6) with the subscript included to emphasise the orbital motion of the plate. This Reynolds number can be interpreted as the amplitude of oscillation along the major axis of the plate velocity ellipse compared to the Stokes-layer thickness. The dimensionless basic flow which satisfies the Navier-Stokes equations above the plate and also satisfies the no-slip condition on the moving plate at z = 0 and which vanishes as z → ∞ is simply
When V 0 = 0, the classical Stokes-layer velocity profile above an oscillating plate is retrieved.
To examine the linear stability of the above profile, the undisturbed flow (2.7) is perturbed to the form
where all tilde quantities are functions of z and s only and 0 < δ 1. The linearized equations of motion are now
These equations have a structure similar to that for infinitesimal 3D disturbances in a unidirectional basic flow (3, see section 25). In the case of a unidirectional basic flow, Squire's transformation can be applied to reduce the 3D equations to a 2D form, as outlined in (3, section 21). In the present case, however, the underlying basic flow is 2D and it is first necessary to introduce an effective base profileŪ B (z, s) defined by
where α = √ k 2 + l 2 and tan s 0 = lV 0 /k. Now, following Squire's transformation, the horizontal velocity perturbations u and v are combined to form an effective horizontal disturbance velocity componentû(z, s) given by
The definitions in (2.10a) and (2.11) allow u, v and p to be eliminated from the governing equations (2.9a to d), resulting in the single equation
The boundary conditions for this equation are w = w z = 0 at z = 0 and w → 0 as z → ∞. If we now define the time coordinate to be τ = s − s 0 , then the effective base flow becomes
where U B (z, τ ) is the velocity profile above a unidirectionally oscillating plate, as defined in (1). Further, if we set w(z, s) = ψ(z, τ ), then (2.12) becomes
14b) subject to the boundary conditions ψ = ψ z = 0 at z = 0 and ψ → 0 as z → ∞. This problem is now identical to that defined by (1, (2.4)) provided we make the identification of the Reynolds number R in that paper as
Thus, the linear stability of the 2D fluid flow, at Reynolds number R o , generated by an infinite plate in orbital motion is determined entirely in terms of the stability of flow above a unidirectionally oscillating infinite plate with Reynolds number R.
Discussion of results
The standard form of Squire's transformation produces a relationship between the Reynolds number of a unidirectional, physical flow and the Reynolds number for an equivalent unidirectional flow which involves only the wave numbers of the input 3D disturbance in the original velocity field. The Squire transformation obtained in (2.15) contains an additional parameter, V 0 , reflecting the effects of the original 2D basic flow. As 0 V 0 1 by definition of the plate velocity, it follows that R o R for all wave numbers of the original disturbance. Thus, when V 0 = 0 we obtain the classical Squire transformation result that the unidirectional velocity distribution at Reynolds number R o subjected to a 3D disturbance is equivalent to the same unidirectional basic flow, now subjected to a 2D perturbation, at the lower Reynolds number R. Notice that this relationship holds for all aspects of the linear stability of the flow; not only can the neutral conditions be inferred from the results discussed in (1) , but the growth rates of unstable modes also follow in a similar fashion.
For the case where 0 < V 0 < 1, the result (2.15) has the interpretation that stability of the orbital Stokes-layer velocity distribution (2.7) at Reynolds number R o subjected to a 3D disturbance is the same as an equivalent unidirectional basic flow, again subjected to a 2D perturbation and at the smaller Reynolds number R. Here, the equivalent flow is just the unidirectional Stokes layer obtained by setting V 0 = 0 in (2.7) . In less precise terms, the conclusion is that the orbital Stokes layer is more stable than the unidirectional classical Stokes layer driven only by the major axis velocity of the plate's orbital motion.
The final case to comment on occurs when V 0 = 1 and the bounding plate is undergoing a circular motion in its own plane. Here, the transformation result (2.15) shows that R = R o for all wave numbers of disturbance, so the linear stability of this special orbital Stokes layer is exactly the same as the 2D linear stability of a unidirectional velocity distribution with amplitude of the speed oscillations being U 0 . This result is quite unusual as, to the best of our knowledge, this is the first example of a shear flow where 2D and 3D disturbances have exactly the same stability characteristics. Further, as it has been shown by (1) that at critical conditions for instability the Floquet exponent μ is 0, the disturbance structure at critical conditions for flow above a plate undergoing planar circular motion will be more like that for Rayleigh-Bénard convection rather than that typical of the usual parallel shear flow instabilities.
The discovery that orbital Stokes layers are at least as stable as unidirectional Stokes layers is slightly disappointing in the context of the orbital shaker. It means that R o need only be less than the critical Reynolds number for instability of the unidirectional Stokes layer to guarantee the stability of the orbital Stokes layer. A search through the manufacturer's data shows that the commercially available orbital shakers operate at frequencies ranging from 200 rpm up to 10,000 rpm with amplitudes between 5 and 25 mm. The machines that operate at the highest frequency tend to have the smallest amplitude of oscillation, so a typical high-frequency shaker would have a frequency of approximately 1000 rad s −1 and an amplitude of oscillation of 5 mm. Assuming that the reacting solution has a kinematic viscosity close to that of water, a Stokes layer of thickness 2 × 10 −6 /1000 m ≈ 0•04 mm might be expected to form on the base of the container in the high-frequency case, or a layer of about 0•3 mm thick in the lower-frequency apparatus. Thus, using the interpretation of R o given in section 2, the orbital Stokes layers have Reynolds numbers in the range 25/0•3 mm ≈ 80 to 5/0•04 mm ≈ 125. These values for R o are well below the critical Reynolds number of 708 for linear instability, as predicted by (1), and they are even well below the experimentally quoted transition Reynolds number of approximately 250, in the current scalings (4). Thus, it is reasonable to conclude that the mixing obtained in the commercially available orbital shakers is unlikely to be dependent on the instability of the Stokes layer on the bottom of the container. Rather other effects, possibly nonlinearity or the influence of the side walls of the beaker could well be responsible for the mixing that is generated.
While mixing in orbital shakers is not the main focus of this work, we note that very little information appears to be available on the actual flow conditions in orbital shakers. An exception to this is the detailed experimental study by Walker (5) who examined the fluid velocity field in the case where the reacting solution had a free surface. He studied the fluid motion obtained at low orbital frequencies and demonstrated that, in this case, the flow properties were dominated by the velocity field associated with the movement of the free surface. Thus, the Stokes layer formed on the base of the flask would be modulated by the surface motion, but given the relatively small values for R o it seems unlikely that this modification would be sufficient to shift the Stokes layers into the unstable régime.
As pointed out by a referee, our analysis could be generalized by allowing the two orthogonal components of the underlying motion to be of different frequencies. It is difficult to anticipate what the effect might be: to the best of our knowledge, the equivalent problem of introducing a second frequency into the classical Stokes problem has not been tackled. We also note that the orbital Stokes-layer flows considered here can be extended to include orbital Stokes layers between synchronously orbiting parallel plates, with or without suction or blowing through the boundaries. Without suction, the transformations applied in section 2 can be applied without change to demonstrate that the linear stability of the confined orbital Stokes layers is determined entirely by the linear stability (2) of a corresponding confined, unidirectional oscillatory flow. In the presence of suction, the orbital Stokes layer will have stability characteristics essentially the same as those determined by (6) for the classical Stokes layer in the presence of suction or blowing.
